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1. Introduction
A complex valued function ω = ϕ + iψ of a complex variable z = x + iy is said to be p-analytic in some domain
Ω ⊂ C iff
ϕx = 1
p
ψy, ϕy = − 1
p
ψx in Ω, (1)
where p is a given positive function of x and y, which is supposed to be continuously differentiable. The theory of p-
analytic functions was presented in [25]. In a certain sense they represent a subclass of pseudoanalytic (or generalized
analytic) functions studied by L. Bers [3,4], I.N. Vekua [27] and many other authors (see, e.g., [2,7,26,28]). This
subclass preserves some important properties of usual analytic functions which are not preserved by a too ample class
of generalized analytic functions (corresponding details can be found in [25]). p-analytic functions found numerous
applications in elasticity theory (see, e.g., [1,11,13]), in problems of fluid dynamics (see, e.g., [9,10,23,24,30]). The
system describing p-analytic functions is closely related to the stationary Schrödinger equation and the conductivity
equation [5,14,15,17,19,20]. One of the most important and intensely studied classes of p-analytic functions are xk-
analytic functions, where k is any integer number (see, e.g., [1,6,9,12,21,22,25,29,30]). In spite of its importance and
numerous attempts to obtain it explicitly the corresponding Cauchy integral formula was constructed in two cases
only: when k = 0 (the classical Cauchy integral formula with the Cauchy kernel 1/(z − z0)) and when k = 1. In this
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simplification is an important task.
In the present work we introduce a procedure which allows us to obtain explicitly the Cauchy integral formulas
for xk-analytic functions, for any integer k, based on the knowledge of Cauchy kernels in the two above mentioned
cases (k = 0,1). More precisely, our approach gives us recursive formulas for consecutive construction of the Cauchy
kernels corresponding to even k starting from the known Cauchy kernel for k = 0 and to odd k beginning with the
Cauchy kernel for k = 1. The procedure is based on a close relation between p-analytic functions and a certain class
of pseudoanalytic functions as well as on the concept of a transplant operator introduced in this work (Section 4).
2. Preliminary information on the Cauchy integral formula for pseudoanalytic functions
The subject of Cauchy integral formulas for classes of generalized analytic functions was treated by many different
mathematical schools and with implementation of different notations and techniques. In the present work we follow
the definitions and notations introduced by L. Bers due to their complete structural resemblance with the classical
results from analytic function theory. Consider the following complex differential equation which sometimes is called
the Carleman–Vekua equation and sometimes the Vekua equation:
∂z¯W = aW + bW, (2)
where a and b are complex valued functions usually supposed to belong to an Lp-space in a domain of interest Ω ⊂ C
(see [27]), ∂z¯ = 12 (∂x + i∂y). Under quite general conditions L. Bers (see [3]) proved the existence of a solution w
of (2) in Ω \ {z0} which satisfies the relation
lim
z→z0
w(z)
α(z − z0)−1 = 1, (3)
where α is any complex number. This function is denoted as follows
w(z) = Z(−1)(α, z0, z).
Note that meanwhile no other condition is imposed (e.g., at infinity) this function is not unique. The following gener-
alization of the Cauchy integral formula is valid.
Theorem 1. (See [3].) Let W be a solution of (2) defined in a domain Ω bounded by a simple closed continuously
differentiable curve Γ and assume that W is continuous up to the boundary Γ . Then for any z ∈ Ω the following
equality holds:
W(z) = 1
2π
∫
Γ
Z(−1)
(
iW(ζ ) dζ, ζ, z
)
. (4)
This integral should be understood in the following sense. If the parametric representation of the curve Γ has the
form ζ(t), 0 t  T , then for any function χ defined on Γ we have
∫
Γ
Z(−1)
(
χ(ζ ) dζ, ζ, z
)=
T∫
0
Z(−1)
(
χ
(
ζ(t)
)
ζ ′(t), ζ(t), z
)
dt.
Let us stress that in (4) any solution of (2) in Ω \ {z0} satisfying (3) is acceptable in the role of a Cauchy kernel
like in the case of analytic functions for the Cauchy integral formula in a bounded domain Ω the kernel can be taken,
e.g., as 1/(z − z0) + w(z), where w is any function analytic in Ω . The Vekua equations considered in the present
work possess coefficients having singularities and the natural (physically meaningful) domain of interest Ω does not
coincide with the whole complex plane.
Formal powers (introduced by L. Bers) and in particular the first negative formal power Z(−1) enjoy the following
property. If α′ and α′′ are real constants, then
Z(−1)(α′ + iα′′, z0, z) = α′Z(−1)(1, z0, z)+ α′′Z(−1)(i, z0, z). (5)
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integral formula, we need to construct two Cauchy kernels
Z(−1)(1, z0, z) and Z(−1)(i, z0, z).
We finish this section by noticing that the Cauchy integral from (4) possesses many important properties similar to
those of usual Cauchy integral including Plemelj–Sokhotski formulas and others, which are indispensable for solving
corresponding boundary value problems.
3. Relation between the main Vekua equation and the system describing p-analytic functions
Let us consider the case when a ≡ 0 and b = fz¯/f , where f is a continuously differentiable real-valued positive
function defined in Ω and the subindex z¯ means application of the operator ∂z¯. Denote
V := ∂z¯ − fz¯
f
C,
where C is the operator of complex conjugation. We suppose that p = f 2 and introduce the operator
Π := f ∂z¯P+ + 1
f
∂z¯P
−,
where P± := 12 (I ±C) and I is the identity operator. We have that the equation
Πω = 0 (6)
is equivalent to the system
ϕx = 1
f 2
ψy, ϕy = − 1
f 2
ψx,
where ϕ = Reω and ψ = Imω.
Denote
B := fP+ + 1
f
P−.
Then it is easy to see that
B−1 = 1
f
P+ + fP−.
Proposition 2.
VB = Π.
Proof. Consider(
∂z¯ − fz¯
f
C
)(
fP+ + 1
f
P−
)
= f ∂z¯P+ + fz¯P+ + 1
f
∂z¯P
− − fz¯
f 2
P− − fz¯P+ + fz¯
f 2
P−
= f ∂z¯P+ + 1
f
∂z¯P
− = Π.
Here we used the fact that CP+ = P+ and CP− = −P−. 
This proposition gives us a simple relation between the Vekua operator V and the operator Π corresponding to
the system (1) and in particular means that if a function W is pseudoanalytic in the sense that it is a solution of the
equation(
∂z¯ − fz¯
f
C
)
W = 0, (7)
then its corresponding pseudoanalytic function of the second kind ω = B−1W is a solution of (1). Due to its impor-
tance for what follows we will call the equations of the form (7) the main Vekua equation.
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V = ΠB−1.
Let us suppose that we have Z(−1)f (1, z0, z) and Z
(−1)
f (i, z0, z), where the subindex reflects the fact that these
Cauchy kernels are solutions of (7). Then we can consider the Cauchy integral in (4)
CfW(z) = 12π
∫
Γ
Z
(−1)
f
(
iW(ζ ) dζ, ζ, z
)
and hence we have the following Cauchy integral formula for p-analytic functions.
Theorem 4. Let ω be a solution of (6) defined in a domain Ω bounded by a simple closed continuously differentiable
curve Γ and assume that ω is continuous up to the boundary Γ . Then for any z ∈ Ω the following equality holds:
ω(z) = B−1Cf Bω(z). (8)
Proof. Consider the Cauchy integral formula for solutions of (7) W = CfW and substitute W = Bω. Then application
of B−1 gives the result. 
4. The transplant operator
In this section we introduce a new concept which will lead to a construction of Cauchy kernels for xk-analytic
functions. Consider the main Vekua equation
Wz¯ = fz¯
f
W in Ω, (9)
where f is a positive solution of the stationary Schrödinger equation
(−+ ν)f = 0 in Ω (10)
with a real-valued coefficient ν. In [16,18] it was shown that if W is a solution of (9), then its real part W1 is necessarily
a solution of (10) meanwhile its imaginary part W2 is a solution of the Schrödinger equation
(−+ η)h = 0 in Ω, (11)
where η = 2(∇f )2/f 2 − ν. Moreover, given a solution W1 of (10) the corresponding (metaharmonic conjugate)
function W2 such that W = W1 + iW2 be a solution of (9) can be constructed explicitly. In order to formulate this
result we need to introduce the following notation. Note that the operator ∂z¯ applied to a real-valued function φ can
be regarded as a kind of gradient, and if we know that ∂z¯φ = Φ in a whole complex plane or in a convex domain,
where Φ = Φ1 + iΦ2 is a given complex valued function such that its real part Φ1 and imaginary part Φ2 satisfy the
equation
∂yΦ1 − ∂xΦ2 = 0, (12)
then we can reconstruct φ up to an arbitrary real constant c in the following way:
φ(x, y) = 2
( x∫
x0
Φ1(η, y) dη +
y∫
y0
Φ2(x0, ξ) dξ
)
+ c, (13)
where (x0, y0) is an arbitrary fixed point in the domain of interest. Note that this formula can be easily extended to
any simply connected domain by considering the integral along an arbitrary rectifiable curve Γ leading from (x0, y0)
to (x, y),
φ(x, y) = 2
(∫
Φ1 dx +Φ2 dy
)
+ c.
Γ
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A[Φ](x, y) = 2
( x∫
x0
Φ1(η, y) dη +
y∫
y0
Φ2(x0, ξ) dξ
)
+ c.
Thus if Φ satisfies (12), there exists a family of real valued functions φ such that ∂z¯ϕ = Φ , given by the formula
φ = A[Φ].
Theorem 5. (See [16].) Let W1 be a real-valued solution of (10) in a simply connected domain Ω . Then the real-
valued function W2, solution of (11) such that W = W1 + iW2 is a solution of (9), is constructed according to the
formula
W2 = f−1A
(
if 2∂z¯
(
f−1W1
))
. (14)
Given a solution W2 of (11), the corresponding solution W1 of (10) such that W = W1 + iW2 is a solution of (9),
is constructed as follows
W1 = −fA
(
if−2∂z¯(fW2)
)
. (15)
Let g be another positive solution of (10), consider the corresponding Vekua equation
wz¯ = gz¯
g
w¯ in Ω. (16)
We have that both ReW (where W is a solution of (9)) and Rew satisfy (10) meanwhile ImW and Imw satisfy in
general different Schrödinger equations
(−+ η1) ImW = 0 in Ω
and
(−+ η2) Imw = 0 in Ω,
where η1 = 2(∇f )2/f 2 − ν and η2 = 2(∇g)2/g2 − ν.
Now we introduce an operator which transforms solutions of (9) into solutions of (16) acting in the following way:
Tf,g[W ] = P+W + ig−1A
(
ig2∂z¯
(
g−1P+W
))
. (17)
Its application makes the imaginary part of a solution of (9) drop out and be substituted by an imaginary part
constructed according to Theorem 5 in such a way that after this “transplant” operation the new complex function
w = Tf,g[W ] becomes a solution of (16). This is why we call the operator Tf,g the transplant operator.
Assigning a fixed value in a certain point of the domain of interest to the result of application of A we obtain an
invertible one-to-one map establishing a relation between solutions of (9) and (16). The inverse to Tf,g is given by the
expression
T −1f,g [w] = Tg,f [w] = P+w + if−1A
(
if 2∂z¯
(
f−1P+w
))
.
Example 6. As an example of application of Tf,g we construct the Cauchy kernel for solutions of the equation
wz¯ = 12x w¯ (18)
starting from the analytic Cauchy kernel 1/(z − z0). Let f ≡ 1 and g = x. Both of them obviously satisfy the same
stationary Schrödinger equation which in this case turns to be the Laplace equation. The main Vekua equation in this
particular case is just the Cauchy–Riemann system Wz¯ = 0. The Vekua equation (16) takes the form (18). We will
consider it in the right half-plane C+ (Re z > 0). Now take the function W = 1/(z− z0) with z0 = x0 + iy0 being any
point in C+ and apply to it the transplant operator (17). Thus, we consider the distribution
w(z) = x − x02 +
i
A
(
ix2∂z¯
(
x − x0
2
))
.|z − z0| x x|z − z0|
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∂z¯
(
x − x0
x|z − z0|2
)
= x0
2x2|z − z0|2 +
(x0 − x)(z − z0)
x|z − z0|4 .
In order to apply the operator A to the function ix2∂z¯( x−x0x|z−z0|2 ) we separate its real and imaginary parts and arrive at
the following equality:
A
(
ix2∂z¯
(
x − x0
x|z − z0|2
))
= 2
( x∫
x1
η(η − x0)(y − y0) dη
((η − x0)2 + (y − y0)2)2 +
x0
2
y∫
y1
dξ
(x1 − x0)2 + (ξ − y0)2
− x1(x1 − x0)2
y∫
y1
dξ
((x1 − x0)2 + (ξ − y0)2)2
)
+ c1.
Evaluation of the three integrals and their substitution gives us the following result:
A
(
ix2∂z¯
(
x − x0
x|z − z0|2
))
= −x(y − y0)|z − z0|2 + arctan
x − x0
y − y0 + c.
Thus, the Cauchy kernel corresponding to the Vekua equation (18) has the form
1
z − z0 +
i
x
(
arctan
x − x0
y − y0 + c
)
,
where we can choose the real constant c to be equal to zero and thus, the Cauchy kernel Z(−1)x (1, z0, z) turns to be the
following distribution:
Z(−1)x (1, z0, z) =
1
z − z0 +
i
x
arctan
x − x0
y − y0 . (19)
5. Cauchy integral formulas for xk-analytic functions
The procedure described in this section for obtaining in explicit form the Cauchy integral representations for xk-
analytic functions is based on the following simple observation.
Remark 7. For any k ∈ R the functions x−k and xk+1 both are solutions of the Schrödinger equation(
−+ k(k + 1)
x2
)
h(x, y) = 0.
Now we are ready to describe the procedure. All the equations in this section are considered in an arbitrary do-
main Ω ⊂ C+ bounded by a simple closed continuously differentiable curve. Assume we have a Cauchy kernel
Z
(−1)
xk
(a, z0; z) for Eq. (9) with f = xk . Then iZ(−1)xk (a, z0, z) is a Cauchy kernel for (9) with f = x−k . Its asymptotic
behavior at z0 is ∼ ia/(z − z0). That is,
Z
(−1)
x−k (ia, z0, z) = iZ
(−1)
xk
(a, z0, z).
Consider g = xk+1. From Remark 7 we have that between (9) with f = x−k and (16) with g = xk+1 there is a relation
established with the aid of the transplant operator (17). Thus applying Tf,g to iZ(−1)xk (a, z0, z) we obtain a Cauchy
kernel for Eq. (16). Its asymptotic behavior at z0 is again ∼ ia/(z − z0). Hence
Z
(−1)
xk+1 (ia, z0, z) = Tx−k,xk+1
[
iZ
(−1)
xk
(a, z0, z)
]
. (20)
Thus, the described procedure allows us to obtain in explicit form the Cauchy integral formula for solutions of (9)
with f = xk+1 from the knowledge of the Cauchy kernel corresponding to f = xk .
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corresponding main Vekua equation (9) contains f = xj . As was described above the Cauchy kernel in this case
can be constructed recursively from the analytic Cauchy kernel 1/(z − z0). We will give more details and examples
below. If k is odd: k = 2j + 1, j = 0,1,2, . . . , the coefficient in the corresponding main Vekua equation (9) contains
f = xj+1/2. The Cauchy kernel in this case (j = 1,2, . . .) can be obtained recursively from the Cauchy kernel for
f = x1/2 following the procedure described above. As was mentioned in the introduction the Cauchy kernel for
f = x1/2 is known, though it has a quite complicated form involving elliptic integrals. More precisely, this Cauchy
kernel was constructed (see [1,8]) for the Vekua equation
∂z¯w − 12(z + z¯) (w + w¯) = 0
which is related to (9) with f = x1/2 as follows w = √xW . We will not dwell upon the case of odd exponents k
here, the purpose of this work is to introduce and illustrate the techniques for obtaining new Cauchy kernels from the
known ones. We discuss application of our method in the case of even k, the corresponding integrals can be evaluated
analytically and the Cauchy kernels can be presented in a simple and explicit form (we give examples in the case
k = 2 and k = 4). Thus, we consider Eq. (9) with f = xj , j = 0,1,2, . . . . Note that the coefficient in the main Vekua
equation (9) has the form j/(2x), j = 0,1,2, . . . . As was explained in Section 2 for each j in fact we need to construct
two Cauchy kernels
Z
(−1)
xj
(1, z0, z) and Z(−1)xj (i, z0, z).
In Example 6 proceeding from 1/(z − z0) we constructed Z(−1)x (1, z0, z). In a similar way taking now i/(z − z0) we
construct Z(−1)x (i, z0, z),
Z(−1)x (i, z0, z) = T1,x
(
i
z − z0
)
= y − y0|z − z0|2 +
i
x
A
(
ix2∂z¯
(
y − y0
x|z − z0|2
))
. (21)
We have
A
(
ix2∂z¯
(
y − y0
x|z − z0|2
))
= x0(x − x0)− (y − y0)
2
|z − z0|2 + ln
1
|z − z0| + c.
Choosing c = 0 and substituting this expression into (21) we arrive at the following result:
Z(−1)x (i, z0, z) =
i
z − z0 +
i
x
ln
1
|z − z0| . (22)
Thus, from here and from (19) we have
Z(−1)x (α, z0, z) = α′Z(−1)x (1, z0, z)+ α′′Z(−1)x (i, z0, z)
= α
z − z0 +
i
x
(
α′ arctan x − x0
y − y0 + α
′′ ln 1|z − z0|
)
,
where α is an arbitrary complex number, α′ = Reα and α′′ = Imα. We can use the freedom to add an arbitrary
constant to the expression in the parentheses in order to rewrite this Cauchy kernel also in the following form:
Z(−1)x (α, z0, z) =
α
z − z0 +
i
x
Im
(
α ln
1
z − z0
)
.
Thus, we obtained the Cauchy kernel for Eq. (18) which allows us according to Theorem 4 to write down
the Cauchy integral formula for x2-analytic functions. The next step is the calculation of Z(−1)
x2
(α, z0, z) using
Z
(−1)
x (α, z0, z). This will give us a Cauchy kernel for the equation
wz¯ = 1
x
w¯ (23)
and hence the Cauchy integral formula for x4-analytic functions. According to (20) we have
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x2
(1, z0, z) = Tx−1,x2
[−iZ(−1)x (i, z0, z)]= Tx−1,x2
[
1
z − z0 +
1
x
ln
1
|z − z0|
]
and
Z
(−1)
x2
(i, z0, z) = Tx−1,x2
[
iZ(−1)x (1, z0, z)
]= Tx−1,x2
[
i
z − z0 −
1
x
arctan
x − x0
y − y0
]
.
We have
Z
(−1)
x2
(1, z0, z) = x − x0|z − z0|2 +
1
x
ln
1
|z − z0| +
i
x2
A
(
ix4∂z¯
(
1
x2
(
x − x0
|z − z0|2 +
1
x
ln
1
|z − z0|
)))
(24)
and
Z
(−1)
x2
(i, z0, z) = y − y0|z − z0|2 −
1
x
arctan
x − x0
y − y0 +
i
x2
A
(
ix4∂z¯
(
1
x2
(
y − y0
|z − z0|2 −
1
x
arctan
x − x0
y − y0
)))
. (25)
Evaluation of the corresponding integrals gives us the following result:
A
(
ix4∂z¯
(
1
x2
(
x − x0
|z − z0|2 +
1
x
ln
1
|z − z0|
)))
= 3(y − y0)
(
ln |z − z0| − 1
)+ 3x0 arctan x − x0
y − y0 −
x2(y − y0)
|z − z0|2 + c1
and
A
(
ix4∂z¯
(
1
x2
(
y − y0
|z − z0|2 −
1
x
arctan
x − x0
y − y0
)))
= −3x0 ln |z − z0| − 3x + x
2(x − x0)
|z − z0|2 + 3(y − y0) arctan
x − x0
y − y0 + c2.
Choosing c1 = c2 = 0 and substituting these expressions into (24) and (25) we obtain
Z
(−1)
x2
(1, z0, z) = 1
z − z0 +
1
x
(
1 − 3i(y − y0)
x
)
ln
1
|z − z0| −
3iy
x2
+ 3ix0
x2
arctan
x − x0
y − y0
and
Z
(−1)
x2
(i, z0, z) = i
z − z0 −
1
x
(
1 − 3i(y − y0)
x
)
arctan
x − x0
y − y0 −
3i
x
+ 3ix0
x2
ln
1
|z − z0| .
It is not difficult to verify by a direct substitution that both functions are indeed solutions of (23) in C+ \ z0.
Combining them we can write down the Cauchy kernel for the Vekua equation (23) in the following form:
Z
(−1)
x2
(α, z0, z) = α′Z(−1)x2 (1, z0, z)+ α′′Z
(−1)
x2
(i, z0, z)
= α
z − z0 +
3ix0
x2
Im
(
α ln
1
z − z0
)
− 3i
x2
Im(αz) + 1
x
(
1 − 3i(y − y0)
x
)
Re
(
α ln
1
z − z0
)
.
The constructed Cauchy kernel gives us the Cauchy integral formula for x4-analytic functions (see Theorem 4).
The procedure can be continued and the Cauchy integral representations for xj -analytic functions can be obtained for
higher exponents j . It is sufficiently simple and can be implemented with the aid of a package of symbolic calculation.
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